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Algebraic Proof Higher Tier
Even numbers are represented by 2n 0Odd numbers are represented by 2n - 1
Consecutive numbers ar represented by n,n+1, n+ 2, ... y
("You must have: Ruler graduated in centimetres and millimetres, Total Marks
protractor, pair of compasses, pen, HB pencil, eraser. Tracing
\ Paper may be used.
- J

Instructions

Use black ink or ball-point pen.

Fill in the boxes at the top of this page with your name.
Answer all questions.

Answer the questions in the spaces provided

— there may be more space than you need.

e Calculators must not be used.

Information

e The total mark for this paper is 75.

e The marks for each question are shown in brackets
— use this as a guide as to how much time to spend on each question.

¢ Questions labelled with an asterisk (*) are ones where the quality of your written
communication will be assessed.

Advice
¢ Read each question carefully before you start to answer it.
o Keep an eye on the time.
o Tryto answer every question.
o Check your answers if you have time at the end.




1. Tanaka says ‘When you multiply an odd number and an even number together, you will always
get an odd number’.

Show that Tanaka is wrong.

odd x een = ewen
re. 3x2 =6
ng—'é
[ x 2 =2
Ax !l =2

(Total 2 marks)

2. Tarish says,
‘The sum of two prime numbers is always an even number’.

He is wrong.
Explain why.

(Total 2 marks)




The n th even number is 2n.
The next even number after 2n is 2n + 2.

(a) Explain why.

—

(b) Write down an expression, in terms of n, for the next even number after 2n + 2.

I+ L+2

(c) Show algebraically that the sum of any 3 consecutive even numbers is always a multiple of 6.

ot tha huist ewen nomle) badn o

Ardaeanomle 1S &nt2
Ak even nomle) 1S dntly

AN +Qntd +Qatly - bn+b = 6@“)
-/7
fogis of 6

3
(Total 5 marks)




4.

Here are the first 4 lines of a number pattern.

1+2+3+4 = (@4x3)-(2x1)
2+3+4+5 =  (5x4)-(3x2)
3+44+5+6 =  (6x5)-(dx3)
4+5+6+7 = (Ix6)-(5%4)

n is the first number in the nth line of the number pattern.

Show that the above number pattern is true for the four consecutive integers n, (n + 1), (n + 2)
and (n + 3).

LHS ‘@HSi

n + (m!) 4(n+2)+(n+3j /ﬂ+2)tﬂ+3) — n(n+l)
- Ll-ﬂ-f-e = p\%i'gn+2n+6 *W"‘n)
=Sn+6-n

= hn+l
5 LHS = KHS,

(Total 4 marks)




5. n is a whole number.

Prove that n? + (n + 1)? is always an odd number.

n? 4@4—[)2— < n%y @-I-[)(V\*O
) = N4 nZs2a+1

DnT+ 2+ ]

/T\

| N

2[
/ solu.ads o?nLSleOﬁS&ﬁ/\
In? ,smng,s

Cren + Even +Oddh
= Odd

(Total 2 marks)

6. n and a are integers.

Explain why (n* — a®) — (n — a)? is always an integer.

Cﬁ-G)C"’D\) =n?-no - N& +02

n*_o% - (a?%-2no+0’)
A*- o ¥ + Do -al
dnc - 1o - Qa(n—a\

£ oondhnoue in
Q&Cn-a) wdl ol leon mfe%ﬂ

(Total 2 marks)




7. n is an integer greater than 1.

Use algebra to show that (n* — 1) + (n — 1)? is always equal to an even number.

C/l—l)én- lJ
nt-dn +|

nt-| + n*-2n+I
dn? -
9n(n-1)
guen n sty than 1 Qna(n-1) 8 0unys

tn !
(Total 4 marks)
8. Prove that the difference between the squares of any two consecutive even numbers is always an
odd number multiplied by 4.
(A +2)(2n+2)
= D"Ejn L]-Vlz-"[{_n +ln 4l

&;e/\numlf)
next een nombe) - Qa+

(ozn)l* (2114-2)2 = ln* s 4n?e8, +U
= EnT+ Qntly
LI—[QAL+Zn -l-l)
T ™A
EVEN + EVEN ]

Ag ¥ ODD
(Total 4 marks)




9. Prove algebraically that the sum of the squares of two consecutive integers is always an odd
number.

htnltw{jmtaglf

N2+ ((H")—L
N2, n2+dnx+1

D?/]zi- dn+1

T 1+ A
EVEN+CVAN t |

ALWRUS QID

(Total 3 marks)

*10.  Prove that the sum of the squares of any two odd numbers is always even.

o+l Qe+ (a3
dn+3d . Lint s+ dn+Qnn] + Lot sbn+bn+9
= 8(\24- ’bn-l-l@

2 (4n?¢8n+5)
c:fuods EVEN

(Total 4 marks)




11. Show that (n + 3)> — (n — 3) is an even number for all positive integer values of n.

(43 = n?+ba+ 9
@_3)7_: n2—6n+ q

ﬂz"‘ én-(—q- nz"'én —-q
= 1dn .

=2 (6n)
T
aima.ds EVEN

(Total 3 marks)

*12. Prove that
(7n + 3)2 —(Tn— 3)2

is a multiple of 12, for all positive integer values of n.

(Fn+3)% 4G+ Dln + 20049
(An-3)* = 49n2-20n -2 +9

L2+ 42029 -490% 440 -9

= 8hn
+ & (42n)

M@sa&n

(Total 3 marks)




Qatl Amel

*13.  Prove algebraically that the product of two odd numbers is always an odd number.
——/

x
L.Ucoclmflbtot\ﬂodol numby
anol dm+] e cviothe cdd nomi
(oc)n-l-!)@y\ +l>= Lnm + dn+ dm ¢
< Q(_;lmnfn-l-w\) + |

NLMI:E QCQ{VU\-!-I’H‘M) LJLQ,Q Ol“)o:‘js {ﬁ

Een

Een +1 = oddl

(Total 3 marks)

14.  Prove algebraically that the sum of any two odd numbers is even.

Cok on +| )ﬁOALAjajdﬂUYlb!ZJ
S+ 1 18 arnthy 00d nombzr

(o?/\-l")-l'@m»f l> = on 41+ +|

:dasdm+2

= Q(n-f-m +l)

le even.

(Total 3 marks)




*15. Prove algebraically that Gp -]

(2n+1)>—(@2n+1) is an even number

for all positive integer values of n.

({Qn-fl)l:@n+’)&n+’)
= [in2+ da+da+]
* [in? +len+t]

Lint+lne] = -1
L‘_nl—l'cQ/\
Qn(n-#l)

x9 j@w i Wudiwﬂaﬂub@elﬁanwnmm

Al

(Total 3 marks)
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*16. Given that g and b are two consecutive even numbers, prove algebraically that

a’+b*

2
(a ; bj is always 1 less than

[ ot In L& oy even numbe
next Wnim%u woud(e dn +d

o @ueinst) = (i <o)
LZ ) Q 2 ( ) =(;),,+()(QA_,.[)
= Lnt 4 bt |

alspt - @ln\z + §n+2)z = Jen? 44X+ 8n+l
2 2 — 2

= &ql_t&]_d.;. = Lnt+fn+2

=2

oo latepn+l s 1less thone Lint+)nt 2.
v v v o/

(Total 5 marks)
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17.  Prove that 3n + 1)> — (3n— 1)? is a multiple of 4, for all positive integer values of n.

@m-l * 6” 02

@rwl BMD (3n I Sn D
[ q +3/\+3n+|) - (oln 3n- 3n+l)

ML+ bn + | -~ 9% 4+ Ln- |
= [Qn. = LI—(??")

/?\
QoY amolhple of 44

(Total 3 marks)

*18.  Prove that the sum of the squares of two consecutive odd numbers is never a multiple of 8.

e nule) 18 Q/\.Sowtjodd nomlie) 1S odn - | crdk tha next
;}‘jmmdﬂ 1S oln +1

(n-1)" 4 (3a+D)" . (Qn-)dorl) + (el 1)
= hnl Qn-Satl + 2 +da +An 4
:gn’l._,_l
= Q(L{.nq'-rlv

maﬂzam.‘ibfl(maf& rot €

(Total 4 marks)
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19. Prove that
(2n +3)?— (2n — 3)? is a multiple of 8

for all positive integer values of n.

(Sasd) - @03

(2n43)(20+3) - @An-3(20-3)
(A.n" tbn+bn+ Q) - (Lmz ~bn-bn+9)

La? +1dapA - Len 412059
Dhen = 8(3n)

ol

(Total 3 marks)

20. Prove, using algebra, that the sum of two consecutive whole numbers is always an odd number.

Ik ony wmles be
o r n

/Cm&wﬁva nolens n+ |

n +n+l = dn+l
&nisabwﬁsw,aoaneuennwnbwl

(Total 3 marks)
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21.  Umar thinks (a +1)*> = @*> + 1 for all values of a.

(a) Show that Umar is wrong.
@1 4 l)z : (Q'-P |)(a+ l)
=0 b4 U+ | wewhi.sdiﬁ{p&nf/bolzﬂ @

Here are two right-angled triangles.
All the measurements are in centimetres.

2
T~ Diagrams NOT
\\ accurately drawn
~_(ct 1)
C 1+ 1 T~
a ' (‘l ) 2_ \\\\
\\\
O \\
b (b+1)

(b) Show that2a +2b+1=2c

Rrawiwoxghl [c41) - (041 + (b#1)°

Clic+l = o242641 +b* 1 Do+l

Uashible
gz, clep* z(z+b%+2c_+ll : 0¥+ Joeb?+ b +_2'
de = dotdo+l o

| As requred
a, b and ¢ cannot all be integers.
(c) Explain why. &C i, ga+ Qb-l— ’

2 R7
abuaﬁsw:n i even
LHS '&ab.njﬁw bt Phe RHS is an swen numle + 1
| whuch wld e odd o

(Total 6 marks)
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*22. Prove algebraically that th¢ difference bgtween the squares of any two consecutive integers is
equal to the sum of these two'i -

Lot nmaﬂdmﬂgﬂ

N4 1 e next mkagu
Cf‘ aueo SUMOFM(L&&
Lﬂ.(.l) -n n+n+l

n2ednsl -nt = dntl " oln 4|
equoll .

n

(Total 4 marks)

TOTAL FOR PAPER IS 71 MARKS
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