Circle Theorems: Examiner's Report
Q1.

Success with this question was beyond most candidates at this Tier, as they failed to appreciate that the angle between the tangent and radius is 90°. However, fully correct solutions were seen, often including explanations which were not explicitly asked for. Many were able to gain one mark for identifying the alternate angle to the given angle as 58°, either using notation or more commonly by marking it onto the diagram. Two (wrong) assumptions then often followed: that the triangle was isosceles, most commonly with angle OTP also 58°, leading to a final answer of 64°; or that the circle was the focus of the question and involved angles adding up to 360°. The notation for identifying angles is still not widely known by the candidates sitting this Tier, with a significant number thinking that angle OPT = 180°, being the sum of three individual angles O, P and T; thus final answers of 180° were not unusual.
Q2.
 

Overall this question was quite well answered although it was a lack of precision in the reasons that often lost candidates marks. Correct terminology needs to be revised thoroughly and the underlined words in the mark scheme are the essentials to be included in any descriptions.

Q3.

The vast majority got part (a) right. Similarly, on part (b)(i), the success rate was very high. On part (b)(ii), students were expected to state that the opposite angles of any quadrilateral are supplementary. Many students did state either this or its equivalent. For a mark to be awarded, a candidate had to refer to 'cyclic', 'opposite' and 'supplementary' or 'sum to 180°.
Q4.

In the first part, the angle was usually correct. A reason such as 'Angle at the centre is twice the angle at the circumference' was expected and many candidates gave one. Other reasons were marked with some tolerance, if they showed that the candidate understood the principle involved and were phrased in general terms. So, for example, 'Angle in the middle is twice the angle at the perimeter' was accepted but 'Angle AOB = 2 × angle ADB' was not.

The angle was often correct in the second part but several incorrect answers appeared regularly, especially 57°, 106°, 66° (180 − 2 × 57) and 61.5° 
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Q5.

In part (a) candidates usually scored two or zero. Weaker candidates in part (b) mistakenly thought BD bisected the angle ADC and/or triangle BCD was isosceles. A 'formal' statement was required in part (b)(ii) which included the words "opposite", "angle" and "cyclic quadrilateral".

Q6.

Most candidates were able to score at least one mark by recognising that angles OTP and ORP were right angles, although very few were able to give a correct reason as to why. 'tangent' and '90º' were often seen written, but candidates failed to relate this to the radius. The correct identification of the 90º was usually followed by the correct use of either angles in a triangle = 180° or angles in a quadrilateral = 360°. Once again, since this was a 'starred' question assessing quality of written communication, candidates failing to explicitly state (angle) TOR = 140° or even showing the 140° clearly in the diagram failed to receive credit even when 140° was correctly calculated. A number of candidates found the 'correct' answer of 140° by incorrect methods, often making the assumption that ROTP was a cyclic quadrilateral, without proof. This gained no credit. In a great many cases though, candidates failed to score full marks by their failure again to express their geometric reasoning in a satisfactory way. Failure to use correct three letter notation to identify angles during working was again common.

Centres are advised to look carefully at the requirements of the mark scheme in this respect with its demand for the inclusion of key words.

Q7.
 

Most candidates were able to score some marks in this question. Many were able to find the size of the angle OBT, but few were able to state all the reasons for their choice of calculations or state them correctly. Furthermore, it was often unclear as to how particular calculations were related to the overall solution of the problem. Candidates should be reminded to clearly identify the angles they are calculating by either an appropriate angle notation (three letter notation here) or by annotating the diagram. A popular incorrect answer involved the erroneous identification of angle ABT as 90°, ie incorrectly interpreting BT as a tangent to the circle.

Q8.

This question testing circle geometry gave a good distribution of marks, with some candidates being able to recognise that the angle between a radius and a tangent is 90°, mostly seen on the diagram. A further small percentage were able to establish, by using a correct method, that angle AOC or angle BOC was 56° or that angle AOB was 112°, while only a quarter could gain all 3 marks for a fully correct solution and identify the answer as 68°. 

Some candidates incorrectly assumed OC = BC and tried to use an isosceles triangle. Most candidates were not good at naming the angles that they were finding and as a consequence some lost marks by not identifying correctly which angle they were trying to calculate.

Q9.

Although 90° and 24° angles were often clearly marked on the diagram these were not always in the correct place. There was generally a good recognition of the 90° angle between a radius and a tangent. The question stated that angle TPO = 24° but a large number of candidates took angle TPS to be 24° and this resulted in 156 being a common incorrect answer. Some candidates gave angle SOT as 48° from incorrectly applying 'the angle at the centre is twice the angle at the circumference'.

Q10.
 

There were a variety of methods to complete this problem with its complex configuration. The most common successful approach was to calculate the reflex angle BOD and the angle at the circumference BCD, then use the angle sum of a quadrilateral together with angle OBC = 15°. Other approaches were rare. They included using the alternate segment theorem (although often wrongly applied), or using angle BOC = 150° and angle BOD = 140° followed by using angles round the point O and a suitable isosceles triangle.

In many cases candidates wrote down figures but did not relate them to the angles found. In this case the marks could often not be awarded unless the 55° was given as the answer. Many candidates sensibly put values of angles on the diagram and these were accepted as evidence of correct processes.

Q11.
 

This was a proof, set at very high demand and required a clear explanation together with supporting reasons. Just quoting that the tangent was at right angles to the radius did not score a mark unless it was use in support of a step in the proof. The most straightforward way to prove the statement was to use the fact that angles AOB and BOC are supplementary because they are on the same straight line and that angles BOC and CPB are supplementary as a consequence of the tangent/radius property and the angle sum of a quadrilateral.

Some candidates wrote down all the circle theorems they knew. Often these were expressed inaccurately as, for example, 'tangent meets a circle at 90°. They tended to have difficulty picking up any marks, especially as one of the theorems (angle at the centre is twice the angle at the circumference) was universally misapplied by these candidates. Candidates who made assumptions about the size of the angles (often 60° and 120°) were unlikely to gain marks in this high demand question.

Q12.
 

There were many attempts at this question where students failed to show any knowledge of circle theorems, but rather made false assumptions about angles in order to provide some basic work. This included assuming there were isosceles triangles, where there were none. Some found ABE to be 55°, but without the knowledge that ABC was 90° this got them nowhere useful. 
Centres need to remind students that when working with geometry problems they need to either write the angles on the diagram, or if only presented in working, these workings need to clearly show which angles are being worked with. 
Few students gained full marks.

Q13.

This question was well attempted but only the most able gained full marks. Many did however, gain two marks for correctly finding that x = 49° but failed to correctly state the reason 'Alternate Segment Theorem', whilst some correctly quoted 'Alternate Segment Theorem' but forgot to accompany it with another relevant reason. The weaker students, having realised that PAQ was a tangent, were then incorrectly labelling and using BAQ = 90° leading to an answer of 34°. The very weakest were drawing 'Z' shapes on the diagram and stating 'alternate angles' or 'corresponding angles' as one of their reasons.

Q14.

The numerical answers for the angles PQS and PTS gained more marks for the students than the reasons given. Geometry questions asking for 'reasons' to back up any answers require an appropriate geometrical fact and not just a description of the calculation used.

In part (b)(ii) the preferred reason was the angle at the centre (say PTS) was not twice the angle at the circumference. Many candidates spotted that triangles PQT and/or SRT were not isosceles and hence PT ≠ QT and/or ST ≠ RT and hence not radii. This was accepted as a necessary (but not sufficient) condition for T not to be the centre of the circle, provided some justification was given why these triangles were not isosceles, (e.g. angles at the base were not the same).

Q15.

The key to gaining the correct answer was recognising angle AOC = 70° (from 2 × angle ADC). Sometimes candidates went to elaborate lengths using trigonometry on triangle ACD to find length AC, then bisecting this and using trigonometry again to establish this simple result. Three of the six marks available could be achieved if the angle of 70° was not used, by using correct methods to calculate areas of the triangle AOC and the sector AOC before subtracting these.

A common mistake was to drop a perpendicular from C to AO and incorrectly assume this bisected side AO. This incorrect perpendicular height was then used to calculate the area of triangle AOC. Unless it could be shown that the candidate assumed triangle AOC was isosceles with AO as its base, or was equilateral, this method for calculating (incorrectly) the area of triangle AOC was not accepted. Some candidates thought that they could regard ACD as a sector of a circle with radius 18 cm and used the angle of 35°.

Q16.

Most students were able to gain marks on this question, however few got full marks. A common error was that students did not notice there were 3 surfaces to deal with                  (the hemisphere, the curved surface of the cylinder and then the circular base) and in calculating the surface area of the hemisphere many students failed to divide by 2. The most common shape students missed was the circle and this was also the one in which the formula was most incorrectly misquoted, often appearing as 2ϖr.

Q17.


This question was challenging for even the best candidates but some of them, using a variety of strategies, constructed and solved an equation to score full marks. Their working was often elegant and always interesting. There are too many distinct methods, at least eight or nine, to discuss them here but details of most of them appear in the published mark scheme. Of the substantial majority who did not score full marks, a significant number scored 1 mark for giving the size of angle COD as x, usually by marking it on the diagram and a few scored 2 or 3 marks for finding the sizes of other relevant angles. Some of the candidates who scored no marks could not make a start but most made an attempt, often obtaining an answer of 34.5, which was unfortunately usually based on the mistaken belief that, as a result of the alternate segment theorem, the size of angle OCD was 69°. A wide variety of other unsuccessful numerical approaches was tried.
Q18.
 

It appears that this geometry question involving a circle and angles in an algebraic context may not have been familiar to some students who made no attempt at the question or who could not make any real progress towards a complete solution.

A significant number of students tried to apply one or more circle theorems, for example "angle at the centre is twice the angle at the circumference" or angle between tangent and radius is 90°" but without any real idea of how this would help them.

More able and confident students could see a route to finding the size of angle POQ and scored some credit for their solutions but many of them made sign errors or subtracted angles in the wrong order. Only the most able students scored 4 or 5 marks. This question was one of the least well done on the paper.

 
Q19.
 

Few marks were awarded in this question as it was poorly understood. The idea of a ratio was seldom used but many students did write the ratios as lengths on the diagram indicating that they had not really understood the concept of the question.
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	Question
	Working
	Answer
	Mark
	Notes

	1
	
	
	32
	3
	M1 
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Ð
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POT

 may be stated or marked on diagram
M1 
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90

OTP

 may be stated or marked on diagram

A1

	2
	(a) (i)

(ii) 
	
	112

Opposite angles of a cyclic quadrilateral (add up to 180)
	2
	B1
Allow on diagram.

B1
Accept abbreviations if meaning is clear. Withhold mark for incorrect statements.

	
	(b) (i)

(ii)
	
	136

Angle at the centre/ middle
is twice / (2 times)/ double
angle at circumference/ edge/ perimeter
	2
	B1
Allow on diagram.

B1
Three separate points made. Adjust comments if starting with angle at circumference.

	
	(c)
	
	68
	1
	B1
Allow on diagram.



	3
	(a) 
	
	67
	1
	B1 cao

	 
	(b)

(i)
	
	113
	1
	B1 cao

	
	(ii)


	
	E.g. sum of opposite angles of a cyclic quadrilateral = 180°
	1
	B1 Accept reasons which include ‘opposite’ and ‘cyclic’ , ‘180o (or supplementary)’   and nothing incorrect 

	4
	(a) (i) 
	
	114
	1
	B1 cao

	
	(ii)
	
	E.g. angle at the centre

= 2 × angle at circumference
	1
	B1 Three key points must be mentioned

1. Angle at centre/middle/O/origin

2. Twice, double, 2×, or half/
[image: image4.wmf]2

1

 as appropriate

3. angle at circumference/edge/perimeter

(NOT e.g. angle D, angle ADB, angle at top, angle at outside)

	
	(b)

 
	
	74
	1
	B1 cao

	5 
	(a)
	180 – (90 + 58) (oe)
	32
	2
	M1
i.e. 90 – 58 

A1

	  
	(b) (i)
	
	122
	1
	

	
	(ii)
	
	Opposite angles in a cyclic quad (= 180°)
	1
	B1 Accept abbreviations if meaning is clear. 

B0 for incorrect statements

	*6
	
	180 – (90 + 20) = 70

2 × 70 = 140 
(180 – 40) ÷ 2 = 70 

180 – 2  × (90 – 70)             = 140
	Angle TOR =140º
	4
	M1 for angle PTO (PRO) = 90º or seeing it marked on the diagram with a right angle or as 90°

M1 (dep) for 180 – (90 + 20) (= 70°)                                          or for 360 – (90 + 90 + 40) (= 140)
A1 for (angle) TOR = 140º or for 140o seen in the correct place in the diagram 

[140º alone without the ‘TOR =’ gets A0]

C1 (dep on at least M1) for angle between a tangent and a radius  = 90° plus at least one other correct reason from:

Sum of angles in a triangle is 180o
Sum of angles in a quadrilateral is 360o
Triangles PTO and PRO are congruent
Tangents from a point are equal in length

OR

M1 for angle PTO (PRO) = 90º or seeing it marked on the diagram with a right angle or as 90°

M1 for (180 – 40) ÷ 2 (=70) and [180 – 2 × (90 –“70”)] (=140)

A1 for (angle) TOR = 140º or for 140o seen in the correct place in the diagram 

 [140º alone without the ‘TOR =’ gets A0]

C1 (dep on at least M1) for angle between a tangent and a radius  = 90° plus at least one other correct reason from:

Sum of angles in a triangle is 180o
Base angles of an isosceles triangle are equal
Triangles PTO and PRO are congruent
Tangents from a point are equal in length

	*7
	
	
	113
	5
	B1 for stating angle TAO = 90

M1 for stating angle OBA or angle OAB  = 90 – 58 (= 32)

M1 for stating angle ABT = 180 − 58 – 41 (= 81) or angle AOB = 180 – 64 (= 116)

A1 for 113 clearly identified as the answer

C1 (dep on M1) for correct statements for method used:

angle between tangent and radius = 90o

AND at least one of

base angles of an isosceles triangle are equal
sum of angles in a triangle is 180
sum of angles in a quadrilateral is 360

NB angles may be seen in diagram

	8
	
	
	68
	3
	M1 for angle OBC = 90°  or  angle OAC = 90° (may be marked on the diagram or used in subsequent working)

M1 for correct method to find angle BOC  or AOC or AOB
e.g. angle BOC = 180 – 90 – 34 (= 56) 

or  angle AOC = 180 – 90 – 34 (= 56)

or angle AOB = 180 – 2 × 34 (= 112)

A1 cao 

NB (68 must be clearly stated as an answer and not just seen on diagram)

	9

	
	Angle PTO = angle PSO = 90

Angle TPS = 24 × 2 = 48

360 – 90 – 90 – 48
OR
Angle PTO = 90

Angle TOP = 180 – 90 – 24 = 66

66 × 2
	132
	3
	M1 for angle PTO = 90 or angle PSO = 90, could be marked on the diagram
M1 for 360 – 90 – 90 – (24 × 2)
A1 cao
OR
M1 for angle PTO = 90 or angle PSO = 90, could be marked on the diagram
M1 for 2 × (180 – 90 – 24)

A1 cao

	10
	
	
	55
	3
	M1 for angle ABO = 90 or angle ADO = 90 or angle OBC = 15 or angle FDO = 90 or angle EBO = 90  (could be marked on the diagram)

M1 for reflex angle BOD = 360 – (360 – 90 – 90 – 40) (= 220) 

or angle BCD = (360 – 90 – 90 – 40) ÷ 2 (= 70)

or angle BDO or angle DBO = 90 – (180 – 40)/2  (= 20)

or angle BOC = 180 – (15 + 15) (= 150)

A1 cao

	*11
	
	
	proof with reasons
	5
	M1 for using x oe for AOB or CPB or consistent use of three letter notation
M1 for correct use of at least one circle theorem or for extending PR and CA to meet at ‘X’ and using triangles OBX and PCX
A1 for correct proof

C2 for fully correct reasons for each stage of proof

(C1 for any relevant circle theorem reason)

Possible reasons:

Angles in a triangle add up to 180o
Angles in a quadrilateral (4 sided shape) add up to 360o   

Angles on a straight line add up to 180o        

The tangent to a circle is perpendicular (90o) to the radius (diameter) 

Tangents from an external point are equal in length.  

Reasons must be relevant for method shown.

	12
	
	
	35°
	4
	M1 for ABC = 90  

M1 for (ACB =) 180 – 90 – 25 (= 65)

M1 for (DBC =) 180 – ‘65’ – 80 (= 35)

A1 cao supported by working

OR

M1 for (AOB =) 180 – 2 × 25 (= 130)

M1 for (ADB =) 130 ÷ 2 (= 65)

M1 for (DAC =) 180 – 65 – 80

A1 cao supported by working

	*13
	
	
	49
	3
	M1 for 180 – 56 – 75

A1 for 49

C1 for alternate segment theorem and angles on a straight line add up to 180o
OR alternate segment theorem and angles in a triangle add up to 180o 

Appropriate to methods shown

	14
	(a) (i)

(ii) 
	
	41°

Angles in same segment (are equal)
	2
	B1

B1 Accept “from same chord”, “on same arc”.

	
	(b) (i)

(ii)
	
	75°
Angle at centre/middle is not 2 x angle at

circumference / edge / perimeter / arc

or Angle PQT ≠ QPT or PRS ≠ RSQ (oe) or 34 ≠ 41
	2
	B1

B1 Accept 75 ≠ 2 × 41 or 75 ≠ 2 × 34 or using idea of isosceles triangles but must mention angles.

	15
	
	
	11.4
	6
	B1 AOC = 70° could be marked on diagram.

M1ft area of sector “70”/360 × π × 9² (= 49.48..)

M1ft area of triangle 0.5 × 9² × sin “70” = (38.057..); follow through angles must be the same.

A1 49.48.. or 38.057... (either area correct to 3 sf )

M1 dep on both previous M1’s “49.48..” – “38.057..”

A1 ( 11.42253...) awrt 11.4

	16
	(a) (i) 
	
	6
	1
	B1

	
	(ii)
	
	Tangents from a point to a circle are equal in length
	1
	B1 oe

	
	(b)


	
	67.4
	4
	B1 RT (or RU) = 8 or QR = 14

M1ft for “15”2 = 132 + “14”2 − 2 × 13 × “14” cos (PQR) 

Allow ft for QR and PR if lengths stated or marked on diagram

M1ft for cos (PQR) = (132+”142”– “15”2) ÷ (2 × 13 × “14”)

A1 awrt 67.4

	17 
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3x = 69
	23
	6
	B1 for each correct expression for an angle up to a max of 2 May be stated, marked on diagram or part of an equation. Award all 3 B marks if M1 or M2 scored.
M2 for 3x = 69
M1 for a correct unsimplified equation in x e.g.
69 + 180 − 4x + x = 180
69 = 2x + x 
69 − x = 2x
55.5 + 55.5 + 2x + x = 180
111 − x + 2x + 2x = 180

[image: image14.wmf]x
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34

+

= 2x

A1 cao Award 6 marks for an answer of 23 if M1 or M2 scored

	18
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(with reasons)
	5
	M1  for (POS =) 360 − (90 + 90 + 2x) (= 180 − 2x)   ie using angles around O or (QOR =) 360 − (90 + 90 + y) (= 180 − y)

M1 (dep) for (POQ =) 
[image: image16.wmf]1

2

[360 − (“POS” + “QOR”)]

A1 for (POQ =)  x + [image: image18.png]Y
3



 oe

C1 (dep M1 and supported) for circle theorem angle between tangent and radius is 90
C1 for full reasons and supported eg sum of angles in a quadrilateral is 360 and sum of angles at a point is 360
OR  

M1  for (POA=) 180 − 90 − x (= 90 − x)   ie after having drawn line AOC or (QOC=) 180 − 90 − [image: image20.png]Y
3



 (= 90 − [image: image22.png]Y
3



)
M1 (dep and supported) for (POQ =) 180 − “POA” − “QOC”
A1 for (POQ =) x + [image: image24.png]Y
3



 oe
C1 (dep M1 and supported) for circle theorem for angle between tangent and radius is 90
C1 for full reasons and supported eg sum of angles in a triangle is 180 and sum of angles on straight line is 180
OR

M1  for (ABC or ADC =) [image: image26.png]


 (360 − 2x − y)  ie using similar triangles

M1  (dep)for (POQ =) 360 − 90 − 90 − “ABC”

A1  for (POQ =) x + [image: image28.png]Y
3



 oe
C1 (dep M1 and supported) for circle theorem for angle  between tangent and radius is 90
C1 for full reasons and supported eg sum of angles in a quadrilateral is 360 and eg ∆ABC similar to ∆ADC
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	Proof
	5
	B1 for matching two lines of the same length with reasons

B1 for matching two sides of the kite with reasons

B1 for showing AD = AB and DC = CB with reasons

C1 for “Tangents from an external point are equal in length.”

C1 for a complete proof
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